A REMARK ON UNCONDITIONAL BASIC
SEQUENCESIN L, (1 < p < )

BY
G. SCHECHTMAN

ABSTRACT

We prove that every separable £, space (1 < p <) with an unconditional
basis is isomorphic to a complemented subspace of L, which is spanned by a
block basis of the Haar system.

1. Introduction

In [1] the authors ask what are the isomorphic types of complemented closed
linear spans of block bases of the Haar system in L, (= L,(0,1)). In particular,
is every .%, space (1 < p < =) with an unconditional basis isomorphic to such a
space?

In this paper we show by using essentially known techniques that the answer
to this question is affirmative.

2.

Proposition |, Let {x;}7., be an unconditional basic sequencein L, (1 <p <
). Then {x;}7-, is equivalent to a block basis of the Haar system.

Proofr. It is a well-known fact that there exists a K >0 such that for any
choice of scalars {a;}7-,,

% 1 7 ® pl2 tp ki
(1) K "2aix, = (f (Z a?x?(t)) dt) = K"Eaix.
i=1 (1] i=1 i=
(This inequality is proved by integrating against the Rademacher functions.)
Thus, if {y;}7-, is another unconditional basic sequence such that |y;|=|x],
i=1.2,--, then {yi}7-, is equivalent to {x;}7.,. Now let {¢,};~, be the Haar
system, i.e.,
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¢z"+k = X2 "kru2z T Xuk+un2 "k+n2™"
for n =0,1,2,---,k =0,1,---,2" — 1, and ¢o=1 (where x. denote the charac-
teristic function of A).
By the usual stability theorems we may assume without loss of generality

that there exists a strictly increasing sequence of integers {m.}=-, such that
2™

.l o)
Xn = 2, A2k Xk2 ™kr2 ™ = 2 A"k ' ik ' n=1,2,---
k=0 k=0

Put, forn = 1,2,---,

27—

= 2 az""'ud’z""‘u-
k=0

Then. |y.|=|x.|. n =1.2,---, and thus, as remarked above, {y.}-, is equival-
ent to {x.}u-\.

CorOLLARY |.  Every unconditional basis of L, (1 < p <) is reproducible.

Let us recall first that a basis {x;}7-, in a Banach space X is called
reproducible if for every embedding of X in a Banach space Y with a basis
{yi¥i-1, {x:}7-1 is equivalent to a block basis of {yi}7-:.

ProOF OF THE COROLLARY. By [2] the Haar basis is reproducible. The rest is a
simple consequence of Proposition 1.

We shall denote by L,(l,) the Banach space of all sequences {fi. f ---} of

functions on [0,1] such that:
\ip

@ Hi¥ s = ([(Z120) ") <=0,

LemMma 1. ([3. Vol. 11, Lemma 2.10, p. 224)). Let T: L,—1, be a bounded
operator. The operator T: L,(I.)— L, (l,) defined by
T(frfo )= (T, T, )
is a bounded operator in L,(l,). (In fact | T|=|T].)

LemMA 2. Let {x,}7-, be an unconditional basic sequence in L, (p >?2).
Then there exists a K >0 such that for all scalars {a;;}7;-, (with only finitely

many # 0): o
< |2 (Eer) sl
(S G o)) 0= xS (B0 -

3

Proor. In what follows the sign =~ will denote the existence of inequalities in
both directions with constants which do not depend on the scalars {a;;}7,;-,. By
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{r:}i_, we shall denote the Rademacher functions, i.e..
1 if iR =t<(@y+ DN even
n(t) = [
-1 if  jR*=tr<(+124] odd.

Notice first that by Khinchine's inequality and (1).

U<i(2 ai.;x--(s))2 "’zds ” j”Z f.(t)Za,x,(s)

j=1\i=

dl d c)
“

pl2 ip
dsdt j Zr,(t)a,, f(s)) dsdt) .

l=| j=

IHZ Z’:(t)a,,)x,(g)

Now, using the fact that x?”* is convex function, the fact that the Rademacher

functions form an orthonormal system and again (1) we obtain:

ff‘z ’:(t)a,, x¥(s) rl
= (’”I‘g(gn“)a‘-i)zﬁ(s)dt)mds)”’
- (f(i 2, g ) 2(s))"lzds)""

~([S(e) o)

which proves the left-hand side of (3). On the other hand:

” ,L, ,En(t)a., x(s)) dtds)
il o
(3 Sromfsto], ) a)”

= (f(gx?(s) :. :J>mds).,,,

ri(t)a,
~(J(Ex0Zar)"as)" ~[S(Zaz) "%

tp
dt ds)

L,

(We-used the triangle inequality. Khinchine’s inequality and (1).) This, together
with (4) completes the proof.
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LemMma 3. Let {x;};-,, be an unconditional basic sequence in L,(1 <p <x),
and assume that there exists a projection

onto

P: L, — [x)7- ([x:]7-1 = Span {x;}i-).

For each 1<i<w put f' =(0, -+, x,--*) (x; stands in the i’s coordinate).
Then {f'}i-, is equivalent to {x.}7-, and there exists a projection from L,(l.) onto
1.

Proor. The fact that {f'}i-, is equivalent to {x;}i-, follows from (1).

Assume now that p >2. Put f =(0.---.x., =), i.j = 1.2,---, (x; stands in
the j's coordinate).

Note that the operator P. corresponding to P by Lemma 1. is a projection
with range [f“].;-.. The sequence {f'};-, is a subsequence of {f*}7,-, (f' = f*.
i =1.,2.---) which is an unconditional basic sequence by Lemma 2. This
completes the proof of the lemma for the case p > 2. For p <2 let {y.}7. be the

sequence in L,=L, (1/p +1/q = 1) defined by:

Pf = Eﬂ%(f)xa feL,.
Then '

P*g = 2 x(g)y: gEL,

i=1
(where P is considered as an operator from L, to L;).
Now g > 2 and by the first part of the proof there is a projection from L, (l2)
onto [g'17-, where g' = (0., yi.*-*).
Denote this projection by Q. By inspecting the first part of the proof one can
see that

Qg1 82 ) = (P*g |y, P*galiya. )
=(x (Y. x:(g2)Yy2. ") = z;‘f‘(g)gl

where g =(g1.82.-**) € Lg(l5). (The dual of L,(l2) is L,(l;) under the pairing
[(fefa ) (8182 N = [ZT_fi81)-

The conjugate projection Q*: L,(I;) > L,(l,) is given by:

o*<f)=§g‘(f>f‘. F=lfifor) € L.

(Again, Q is considered as an operator from L,(l) to L,(l>).) Thus [f']7, is
complemented in L,(l;). The case p =2 is trivial.
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THeoREM 1. Let {x,}»-1 be an unconditional basic sequence in L,(1 < p <)
and assume that [x,]7-: is complemented in L,. Then {x,}.-, is equivalent to a
block basis of the Haar system whose closed span is complemented in L,.

ProoF. As in the proof of Proposition I we may assume without loss of
generality that there exists a strictly increasing sequence of integers {m,}n-,
such that:

21

Xn = Zaz""‘u |¢2"‘"+k |
k=0

Put ff=@,---, x,--7), i=1,2, -+, (x in the i’s coordinate) and,

R =(0,---, bk L...)n =12,---k=0,---,2" — |
(|¢2m.«| stands in the n’s coordinate).

Now, {f'}7., is equivalent to {x};-, and is a block basis of {hZ™*},
n=12--,k=0,---,2" — 1. By Lemma 3 there is a projection from [h>""**},
n=12--k=0,---,2" -1 onto [f']5-;. {h*™*}, n=1,2,---. k=0,---,
2™ — 1 is equivalent to {¢;~u}, n =12, k=0,---.2™ ~].

To see this, note that

S 2™

RAG) 2 by By

o 21
z E) bz"'"+k ¢z""‘+k" =

with constants which do not depend on t and integrate with respect to ¢.
Note that the correspondence between{h>"**}and {¢,™..} takes {f'};., onto

the {y:}7-: of Proposition 1. Since the Haar basis is unconditional, [¢2™.] is

complemented in L, and therefore [y:]7-, is also complemented in L,.
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